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Emergent Rate-Based Dynamics in Duplicate-Free Populations of Spiking Neurons
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Can spiking neural networks (SNNs) approximate the dynamics of recurrent neural networks?
Arguments in classical mean-field theory based on laws of large numbers provide a positive answer
when each neuron in the network has many “duplicates”, i.e., other neurons with almost perfectly
correlated inputs. Using a disordered network model that guarantees the absence of duplicates, we show
that duplicate-free SNNss can converge to recurrent neural networks, thanks to the concentration of measure
phenomenon. This result reveals a general mechanism underlying the emergence of rate-based dynamics in

large SNNs.
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Neurons in the brain interact via spikes—short and
stereotyped membrane potential deflections—commonly
modeled as Dirac pulses [1,2]. Spiking neural networks
(SNNs) with recurrent connectivity are simplified models
of real networks with the essential biological feature of
spike-based neuronal communication. In contrast, tradi-
tional recurrent neural networks (RNNs) are continuous
dynamical systems in which abstract rate neurons directly
transmit their firing rate to other neurons, a type of
communication that is not biological. Despite their inferior
realism, RNNs continue to play a central role in theoretical
neuroscience because they can be trained by modern
machine learning methods [3] and they can be analyzed
using tools from statistical physics [4-8], and because
biological networks are believed to implement computa-
tions by approximation of continuous dynamical systems
[9]. Closing the gap between the more biological SNNs and
the more tractable RNNs has remained a challenging
theoretical problem [10]. This problem is important for
neuroscience as it is linked to a fundamental question:
Given the discontinuous and stochastic nature of spike-
based communication [11], how can biological networks
produce noise-robust population dynamics [12,13]?

To state the problem, let us consider a SNN composed of
N linear-nonlinear-Poisson neurons [14,15]. For each
neuron index i, the spike times {¢*}, of neuron i, which
define the neuron’s spike train S;(¢) = >, 8(t — 1¥), are
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generated by an inhomogeneous Poisson process with
instantaneous firing rate ¢(h;(¢)), where h;(t) represents
the neuron’s potential and ¢ is a positive-valued nonlinear
transfer function. The potential /;(¢) is a leaky integrator of
the recurrent inputs coming from neurons j # i and the
external input I$*(z),

d = ext
TahiO):_hi(t)+;Jiij(t)+Ii @, (1)

where 7 is the integration (or membrane) time constant and
Jjj is the synaptic weight from neuron j to neuron i (by
convention, J; =0). While the spike-based model
described here is biologically simplistic, it is mathemati-
cally convenient as it has a straightforward rate-based
counterpart. If we replace the spike trains {S;(¢)}; in (1)

by the corresponding instantaneous firing rates
{#(h;(1))};, we get the rate-based dynamics
d N
v %i(0) = —x(1) + D Ji(xi(0) +I(1). (2)
=1

which defines a RNN with N rate units. To avoid confusion,
we write /;(t) for the potentials of the SNN (1) and x; () for
the potentials of the RNN (2). While the mapping from the
SNN to the RNN looks simple at first glance, the spike-
based stochastic process (1) and the rate-based dynamical
system (2) describe very different kinds of systems and the
SNN potentials /;() are not guaranteed, in general, to be
equal or even close to the RNN potentials x;(7).

There are two known types of scaling limits where the
SNN potentials /;(¢) converge to the RNN potentials x;(7):
(1) Spatial averaging over neuronal duplicates. Consider
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networks of increasing size N where neurons are localized
in some fixed space such that two neurons assigned to the
same point are duplicates, i.e., they always share the same
recurrent and external input. If the synaptic weights are
scaled by 1/N, we can take the mean-field limit N — oo
[16]. The fixed space can be either discrete and finite [17]
or continuous and finite-dimensional [18], e.g., a ring [19].
These classical mean-field limits rely on a strong form of
redundancy: the existence of large ensembles of neuronal
duplicates receiving (almost) the same recurrent and
external input. (i) Temporal averaging over single-neuron
spikes. In (1), we can replace the transfer function ¢) and the
weights {J;;},2; by b and {J;;/b}.;, respectively, (with
b > 0), and take the limit & — oo [20]. This limit entails
arbitrarily high firing rates in the SNN, which is biologi-
cally unrealistic since two spikes have to be separated by at
least 1 to 2 ms, the absolute refractory period [1,21].
Alternatively, but to a similar effect, we can take the limit
7 — oo in both (1) and (2) while rescaling the weights
{Jij}:»; and the external inputs 7§*'(¢) by 1/7. This last limit
entails arbitrarily slow network dynamics, which is incom-
patible, for example, with human visual processing speed
(less than 150 ms) [22].

In this Letter, we address the following question: Can
large SNNs, as defined in (1), converge to equally large
RNNSs in the absence of neuronal duplicates and without
temporal averaging?

Temporal averaging as in (ii) is made impossible if we
impose, as we do, that max ¢ < 1/z. Under this constraint,
leaky integration by the potential (1) is too fast to average
out the Poisson noise of individual input spike trains and
neither of the two scalings mentioned under (ii) can be
applied.

To quantify the amount of duplication in a RNN, we look
at the distribution of correlations [23] between pairs of
distinct neurons i # j,

T [x; (1) = xi] [x; (1) — %]

1
Cij = hm —
T—)ooT 0

dr, (3)
where X; and a%l_ are, respectively, the time average
and fluctuation of x;(r) (x;:=limy_(1/7T) JI x;(r)dt
and o7, = limy_ o (1/T) [ [x:(1) — %]%d).

To illustrate how duplicates accumulate in classical
mean-field models, let us consider a toy example with a
ring structure. Let the N units of a RNN be uniformly and
independently positioned on a ring, &; denoting the angular
position of unit i. If the correlation between unit i and j is
given by C;; :=cos(d; —6;), then, as N — oo, the limit
distribution of the pairwise correlation, which we call the
limit correlation density, is

1 1
= ﬂ —
p(Z) [—1,1](Z>ﬂ_m

(4)

(Fig. 1(a); proof in Supplemental Material (SM),
Sec. I [24]). This limit density has a strictly positive mass
around 1, reflecting the fact that each unit has a number of
duplicates that grows linearly with N.

We say that large networks are “duplicate-free” if, for
any threshold € > 0, the probability that there exists a pair
of distinct neurons i # j such that their absolute correlation
is greater or equal to ¢ tends to 0 as N — oo, i.e., for all
e >0,

P(3(i,j) with i # j s.t.|C;j| > e)N—>0. (5)

In the following, we propose a disordered network model
where large networks are duplicate-free. We construct the
connectivity matrix J = {J;;}; ; as a sum of random rank-
one matrices (minus self-interaction terms), a construction
similar to that of Hopfield networks [38-42]. For any
number of units N and any number of patterns p, let € be a
random N X p matrix with independent standard normal
entries {&;, }; ,- The connectivity matrix is given by

l Z ém g]ﬂ

and J;; :=0 for all i, where a:= [® Dz¢(z) and c =
[ Dz[¢(z) — a)* are fixed constants (Dz denotes the
standard ~ Gaussian  measure). The  nonlinearity
¢(x) = (1/27) [tanh(x — b) + 1], with b =2, is chosen
such that the autonomous dynamics of the RNN is in
the so-called “paramagnetic” [6] or “background” [42]
state, where all units have a low firing rate.

A well-known feature of this type of connectivity is that,
exchanging the order of summation, the dynamics of the
SNN (1) can be rewritten in terms of p latent factors
{m, (1)}, 1643,44]: for all i=1,...,N and for all

u=1..p,

—a| foralli#j, (6)

d ext
v h<t+§jay mu(0) = 7iSi(0) + 15°(1),

cl > [#(&) - ]s,(0). ™

J=1

where the y;:= (1/cN) Y0 &, [$(£,) — a] are virtual
self-interaction weights. An analogous reformulation holds
for the RNN (2). The reformulation clearly shows that if
p <N, the yl are small and therefore the recurrent
drive {>°V 2-17i38;(1)}; is approximately restricted to the
p-dimensional subspace spanned by the p columns of the
random matrix & To force the recurrent drive to visit
all p dimensions over time, we inject the following
p-dimensional external input to half of the neurons:
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FIG. 1.

(a) Limit correlation density for the ring model. The histogram of a simulation with N = 10° units (solid blue line) is compared

to the theoretical limit density (4) (dashed black line). (b) Limit correlation density (of units receiving recurrent input only) for low-rank
networks with rank p = 2 and p = 4. Simulations of RNNs with N = 10° units (solid blue line) are compared to the corresponding
theoretical limit “Gegenbauer” density (10) (dashed black line). (c) Concentration around 0 of the correlation distribution in disordered
networks with p = aN and fixed load @ = 10~*. The correlation distribution (of units receiving recurrent input only) of simulations of
networks of increasing size N converges to a centered normal density with variance 1/p = 1/(aN) (the dashed black line indicates the
normal density for N = 10°). (d) Setup for comparing SNNs and RNNG. (e) Trajectories of single-neuron potentials in the SNN, A7 (¢)
(upper panel) and in the RNN, x(#) (lower panel) during a 1-s simulation of the setup shown in (d). The networks have N = 10°
neurons and load @ = 107#, as in (c). The same randomly chosen 11 neurons are recorded in the SNN and in the RNN and each color
corresponds to a different neuron (the colors in the upper and lower panels correspond). For one neuron (the black trace), the spike times

of the neuron in the SNN are indicated by vertical bars. (b)—(e) Model parameters: 7 = 10 ms and ¢ = 0.5 in (8).

194(r) = %Z(gwnﬂ(t) if i <NJ/2, (8)
u=1

where the #,(7),....n,(t) are the formal derivatives of
independent standard Brownian motions B (1), ..., B, (1),
ie., n,(t) = dB,(t)/dt, and 6 > 0 is the standard deviation
of the input. For clarity, we use the superscript “in” to
emphasize that, for all i < N/2, the neurons /"(¢) and the
units xI"(¢) receive external as well as recurrent inputs, and
we use the superscript “rec” to emphasize that, for all
i > N/2, the neurons h*°(r) and the units x{*(¢) receive
recurrent input only. Henceforth, we write Cj5° for the
pairwise correlation (3) between the “rec” units x;* and
x7°¢. Assuming that, for any N and p, the time-dependent
input (8) leads to a stationary ergodic state where the
recurrent drive is restricted to and visits all p dimensions

given by the columns of & homogeneously, we make the
following approximation:

e ZZ=1 §il4§jﬂ
] °
\/Zflt;l 512/4 \/Z;I;:l Cf12'/4

Although the approximation (9) is heuristic, it proves to by
highly accurate in the context of the models considered
here, as demonstrated by simulations (Figs. 1(b) and 1(c)).

If the number of patterns p is kept constant as N — oo,
the limit RNN is a low-rank mean-field model (without
disorder) [7,45]. In this case, duplicates accumulate as
N — oo because the distribution of correlations {C}¥},_,
under the approximation (9), converges to a limit density
with a strictly positive mass around 1, indicating that
the number of duplicates per unit grows linearly with N.
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More specifically, for any fixed p > 1, the limit density is
given by the so-called “Gegenbauer distribution” with
parameter p,

I'(p/2)

var(p-n T (0

p(z) = ﬂ[—l.l](z)

which is the orthogonal projection of the uniform distri-
bution on the unit sphere SP~! onto its diameter (Fig. 1(b);
proof in SM, Sec. I [24]). Intuitively, the explanation for the
accumulation of duplicates is the same as in the ring model
presented above, except that here the fixed space is not a
ring but R”: unit /i has random normal coordinates & =
(¢ .2 &ip) [46,47] and units with similar coordinates
receive similar recurrent and external inputs. Therefore, if p
is kept fixed as N — oo, we fall into the case of spatial
averaging over neuronal duplicates (i) leading to neural
field equations (see SM, Sec. II [24]).

To prevent duplicates from accumulating as N — oo, we
make the number of patterns p grow linearly with N, taking
p = aN for some fixed load @ > 0. With this choice of
scaling, weights {J;;}, ; scale as O(1/ V/N) (as in random
RNNs [5,48-50]). First, we will show that for any fixed
a > 0, large networks are duplicate-free. Second, we will
show that large SNNs converge to large RNNs, with
convergence rate \/a, as a — 0 (this means that for
arbitrarily small a > 0, large SNNs behave almost exactly
like large RNNs). To compare the SNN (1) with the
RNN (2), we will inject the same time-dependent external
input (8) in both networks (Fig. 1(d)) and compare the
trajectories h{*(¢) of the SNN with the trajectories xi*(¢) of
the RNN (Fig. 1(e)).

Large networks are duplicate-free: Under the approxi-
mation (9), by the central limit theorem, we have that, for
any distinct pair of units i # j, the scaled correlation
V/PC converges in law to a standard normal random
variable as p — . Then, if p - c0 as N — oo, we can
prove that the distribution of correlations {C[¥},_; con-
verges to a centered normal distribution with variance 1/p
as N — oo (Fig. 1(c); proof in SM, Sec. I [24]). Moreover,
using the fact that forall N, p > 1 and i # j, Cﬁc follows a
Gegenbauer distribution with parameter p (10), we can
derive a bound for the probability of a duplicate,

P(El(i,j) with i # js.t. |C| > e)

N(N-2) (1 -7
. N

forall0 < e < 1 (see SM, Sec. III [24]). Since p = aN, the
bound tends to 0 as N — oo, which confirms that large
networks are duplicate-free ((5) can be easily deduced
from (11)).

(11)

] p=100
Y% p= 200
& p=400

_._pzwl 3

maxo
- ,V —a
27c

FIG. 2. Large N simulations of the distance AN‘(a) as a
function of « for p = 100 (rectangles), p = 200 (stars), and p =
400 (diamonds). Simulations of A%¢(a) for the duplicate-free
sequence of networks p = N'/3 (full circles). Theoretical O(/)
bound predicted by the feedforward model simplification
(dashed line). Same parameters as in Figs. 1(b)-1(e).

Large SNNs converge to large RNNs at rate \/a, as
a — 0: For any fixed load a, we define the average distance
between the SNN and the RNN as

2 & T
Axe(@) == S dim o [ () — ()]
N . T-oo T 0 ! !
i=N/2+1

and the large N limit distance as A™(a) := limy_, AR (a).
Numerical estimates of the limit distance A™(a) as a
function of « indicate that

A™(a) = O(va), asa—0 (12)
(Fig. 2). This scaling implies that large SNNs can converge
to equally large RNNs despite the fact that (i) there is
no duplicate averaging (Fig. 1(c) and (11)) and (ii) no
temporal averaging. For example, if we take the sublinear
scaling p = N'/3, which implies « = N~%/3, the distance
A%¢(a) — 0 vanishes as N — oo (Fig. 2, full circles) and
large networks are duplicate-free (11).

In the absence of averaging of types (i) and (ii), the
concentration of measure phenomenon [51,52] can explain
the convergence of SNNs to RNNs. In our case, the
concentration of measure is controlled by the #> norm

[ Jilla = /2211 J3; of each neuron i’s incoming weights.

When p =aN, for a typical neuron i, we find the
convergence in probability

P a
b i 2 (13)

(proof in SM, Sec. IV [24]), which means that the £ norms
of each neuron’s incoming weights concentrate around

v/a/c (where ¢ is defined after (6)). The numerical scaling
(12) of the limit distance between large SNNs and large
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FIG. 3. The feedforward model as a simplification of the input-
driven model. Dotted lines indicate removed connections.

RNNSs, as a — 0, corresponds to the theory-based scaling
(13) of the limit #?> norm of a typical neuron’s incoming
weights.

Although we do not have an exact theory linking the limit
£? norm (13) with the limit distance A™(a) (12), a simplified
feedforward model, which is analytically tractable, offers an
intuition for the concentration of measure phenomenon at
play. This simplified model is obtained by keeping network
connections from “in” to “rec” neurons and removing all the
other connections (Fig. 3). After this pruning procedure,
we are left with two-layer feedforward networks where the
“in” neurons make up the first layer, [A(z),x(¢)] —
[hf.l)(t), xl(.l) (1)], and the “rec” neurons make up the second
layer, [ (1), x*¢(1)] > [h(-z) (t),x@(t)]. In general, for any

1 1
N > 1 and for any connectivity matrix J, we find that, for any
neuron i in the second layer, the single-neuron distance

satisfies the bound

1 T
lim —
T—co T 0

max ¢
2t

[1Jill

1

h2 (1) = xP (1) ’dt <

(proof in SM, Sec. V [24]), which is indeed controlled by the
£%norm ||J;||,. Then, if p = aN, using the convergence of the

£? norm (13), we get the expected scaling for the limit
@)

distance, as N — oo, between a spiking neuron /2, and arate

)

unit x;”’,

LT 2) max ¢
— N —_ <
Thm ; ’hl (1) — x; (t))dt 1/ Y Va.

Concentration of measure [52] has been shown to be
instrumental for the theory of spin glasses [53] and the
theory of artificial neural networks [54]. In contrast, this
probabilistic notion has barely permeated the theory of
biological neural networks. The standard perspective has
been that, to produce spike-noise-robust population dynam-
ics, large networks have to perform averages over the spike
activity of many neuronal duplicates [2,10,44,55], i.e.,
mechanism (i). Recently, DePasquale et al. [56] proposed
the perspective that “weighted averages” over hetero-
geneous neurons could lead to population-level latent
factors with noise-robust dynamics, which then produce

the illusion of rate-based dynamics. We provide a theo-
retical foundation for this idea by showing that the
concentration of measure phenomenon explains how the
dynamics of large, duplicate-free SNNs can converge to
the dynamics of equally large RNNs. This convergence
does not require symmetric weights and holds even when
diffusive membrane noise is added to the potential dynam-
ics (SM, Secs. VI, VII [24]). In the absence of neuronal
duplicates, rate-based population dynamics in networks of
spiking neurons can only be understood as an emergent
behavior: neurons interact through spikes, but they behave
as if they were interacting through their unique, time-
varying firing rates. This notion of emergent rate-based
dynamics sheds new light on the long-standing spike vs rate
debate in computational neuroscience [2,10,55].
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I. LIMIT CORRELATION DENSITY

We prove two theorems characterizing the limit distribution of pairwise correlations between distinct units {Cj; }i-;,
as N — oo, assuming that the correlation C;; between a pair of distinct units ¢ # j is given by

Zguéjuv (Sl)

%M—‘

where &, ' =&,/1/ = Z“ 1 and the {&, bi<i<ni<u<p are i.i.d., zero-mean, unit-variance normal random variables

(see Approximation (9) in the main text). More explicitly, we prove the convergence of the random empirical measure

pi (dz) ::ﬁ 2 sy 6., (02), (52)

1<i<j<N

to a deterministic probability measure as N — co. In , 0 1y (dz) denotes the Dirac measure centered on

the point - >"_, Einkip-
Let us recall a general mathematical framework for studying the convergence of random empirical measures.

p=1 gmfju

Definition 1. Let P(R) denote the space of probability measures on R endowed with the topology of weak convergence.
We say that a sequence of random probability measures {pn}35_, in P(R) converges in probability to a deterministic
probability measure p € P(R) if, for all continuous and bounded functional F : P(R) — R,

E[F(pn)] = E[F(p)], as N = ox.

In the field the interacting particle systems, It is well known that to show the convergence defined as in Definition [T}
it suffices to show that for all continuous and bounded functions f : R — R,

\ [ 1@wtan) - [ sGitaz)

see for example [I, Proposition 4.2]. (The functions f are usually called “test functions”.)

We distinguish two cases: first, the case where p € N is fixed as N — oo (Theorem |[1)); second , the case where
p=aN, for a >0, as N — oo (Theorem . To prove both theorems, we will use the following lemma which does not
depend on the scaling of p as N — oo.

]—>0, as N — oo;

Lemma 1. For any N > 1 and p > 0, let {Ci,u}ISiSN,lgugp be a collection of i.i.d. random variables. For all bounded
functions f : R — R,

L I i) | < 22N =8))
Var N<N—1>19<me p;@m < S Ml (83)

In particular, the variance bound does not depend on p and it vanishes as N — oo.
Proof. We use the shorthand f(i,7) :== f (1% Zzzl Q“Cju).

2

Var ﬁ > f) :m P2 SO\ E 2 S0

1<i<j<N 1<i<j<N 1<i<j<N

v L X BG-GB ®DL (50

1<i<j<N 1<k<I<N

It {i, /(). 1} = &, /(i, j) and f(k, 1) ave independent and E[f(i, 1) (k, D] —E[£(i, /}[ELf (k, )] = 0. 1 {i, }}{k, 1} # 2,
E[f(i,5)f ( ] - [f(z DIE[Sf (k: 1)] can be upper-bounded by ||f||Oo Since, in the double sum (S4), {i, j} N{k, 1} = &
for N( 1)/2 x (N = 2)(N — 3)/2 of the summands, we know that {3, ]} N{k,l} # @ for
N(N

~)N(N-1) N(N-1)(N-2(N-3) N©-

1)
2 2 2 2 - 2 (2N —3)




of the summands. Hence, we get that

T L 3 B hD)] ~ ELG)EL ()
1<i<j<N 1<k<I<N
4 N(N-1) _ 2(2N - 3)
< e e - i = 2=y

Theorem 1. For any fized p > 1, the sequence of empirical measures

2

pN(dZ) = m Z 6l Zz:l Einin (dZ) VN > 1,
1<i<j<N

converges in probability (according to Definition , as N — 00, to the deterministic probability measure p € P(R)
given by

pdz) = (= )\fp(((p/_Q)l)/Q)(l — %) e

Proof. As mentioned above, to show the convergence of py to p in probability, it suffices to show that for all continuous

and bounded functions f: R — R,
[ 1wtz - [ et

By Jensen’s inequality [2, Theorem 5.1 p. 132] and Lemma

|/f Jpn(dz) — Vf dezH

Hence, it only remains to show that, for all N > 1,

]—)07 as N — oo.

Var ( / f<z>pN<dz>)] " ——0

8| [ s = [ e = [ 10z B2 - ) P (55)
Indeed, we have
B | [ ()| <& N(N2_1)1<Z;<Nf 12? Eiuin ;; &b
=E ;i o | 611, & | |- (S6)

By definition, the random vector ﬁ(él’h ... ,él,p)T lies on the (p — 1)-sphere of unit radius, SP~!, and, by symmetry,
the conditional expectation in is constant for all ﬁ(gm, .o &1p)T € SP7L. Since the vector %(5271, con &)t

is uniformly distributed on SP~1, we have, by the Funk-Hecke formula (see [3, Theorem 1.2.9] for a reference),

T'(p/2)

3 3 — —Zsz_gz
LS e | (G| | = [ 10Dy,

/Ll

which concludes the proof of . O



Corollary 1. If 01,...,0x are i.i.d. and uniformly distributed on the interval [0,2x], the sequence of empirical
measures
(dz) := 2z > o6 (dz)
pN T N(N _ 1) £ COS(Qi—Qj)
1<i<j<N

converges in probability (according to Definition , as N — oo, to the deterministic probability measure p € P(R)
given by

p(dz) = 1_1 3(2 )1\/%01&

Proof. Notice that the collection of random variables {cos(6; —6;)}i<; has the same joint law as {%(&1&1 +€i,2§~j,2)}i<]—.
Thus, the result follows from the Theorem [I| with p = 2.

Theorem 2. Ifp = aN for some fized a > 0, the sequence of empirical measures

—~ 2
pN(dZ) = m Z 0 1 Zﬁ 151#gju(dz) VN > 1’
1<i<j<N

converge in probability (according to Definition , as N — 0o, to the deterministic probability measure p € P(R) given
by

1
p(dz) = Ee_ZQMdZ.

Proof. As in the proof of Theorem [T} to show that the convergence in probability of px to p, it suffices to show that
for all continuous and bounded function f: R — R,

[ et - [ 1)
By triangular inequality,

E U [romta) - [ 1) ]
<E ‘/f s -5 [ 1 deZH o[ [ somian] - [ s

By Jensen’s inequality and Lemma (1} we know the first term on the right-hand side of vanishes as N — oo and it

only remains to show that
E U f(z)p’fv(dz)] R /f(z),o(dz), as N — oo, (38)

‘|~>0, as N — oo.

(S7)

Since

E[ / f(z)ﬁrv(dz>]=E i ;}5255 |

showing (S8)) is equivalent to showing

\}]3 Zélug}u — /f(z)p(dz), as N — oo,
p=1
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which in turn is equivalent to showing that the random variables X N = % Zﬁ =1 51 Mégu converge in law to a standard
normal variable X ~ A(0,1) as N — oo. We recall that p = aN. As N — oo, we have, on the one hand, that

\ /% zzl 512# converges in probability to 1 by the weak law of large numbers and the continuous mapping theorem
[2, Theorem 10.3 p. 245], and on the other hand, X := % Zi:l &1,&2, converges in law to X by the central limit

theorem. Hence, Xy converges in law to X by Slutsky’s theorem [2, Theorem 11.4 p. 249]. This proves and
concludes the proof. O



II. FROM LOW-RANK SNNS TO NEURAL FIELD EQUATIONS

For any number of neurons N and any number of patterns p, let & be a random N X p-matrix with 4.i.d., zero-mean,
unit-variance, normally distributed entries {&;,,}; .. We choose a connectivity matrix given by

1 p
Jij = N l;fm (¢(&p) —a) for all i # j,

and J;; := 0 for all i. As in the main text, a := [*°_ Dz ¢(z) and ¢ := [*._Dz (¢(z) — a)?, where Dz is the standard
Gaussian measure. This type of connectivity matrix was introduced by Brunel and Pereira [4] in the context of Hopfield
networks.

When the number of patterns p is kept constant as the number of neurons NV tends to infinity, we say that the
connectivity matrix J = {J;;}1<i<n is low-rank since its rank remains finite as N — oo. Although large, random,

1<j<N
low-rank networks of neurons [5,_é]_are usually not presented as spatially structured networks, they do have an implicit
spatial structure. By identifying this spatial structure, we can derive exact neural field equations describing the
dynamics of large networks, as we show here for the connectivity matrix J.

For simplicity, let us first consider an SNN of N neurons without external input. The N neurons are assigned
to N points in R? corresponding to the rows of £, i.e., neuron ¢ is assigned to the point §; = (&1, .., &p). Writing
u(t,&;) = hi(t) for all i = 1,..., N, we can interpret u(¢,&;) as being the potential of a neuron at location &; € RP at
time ¢t. Without loss of generality, let us consider the dynamics of neuron ¢ = 1, which can be rewritten

d
r Sl ) = —u(t,€) + 3 o 3 € (965 — ) 55(0),
j=2 p=1
=Ju;
14, 1Y
= —u(t, &) + - Zfluﬁ (¢(fﬁu) - a) s;(t),
p=1 j=2

g R
lim N;(qs(gj“)—a) si(t) = Jim =% (6(&) — a) (u(t,€)))

N—o00 e 2
N

N /Rp N]:gnoo N ; O¢, (dz) (¢(Zu) - a) é(u(t,z))
=Dz

| P2 (900 =) d(utt. ) (59)

where 55,- (dz) denotes the Dirac measure centered on the point & ; and Dz denotes the p-dimensional standard Gaussian
measure

~llzll3
5€ .

1
Dz =dz ...dz, Gy

Intuitively, the equalities simply reflect the fact that as N — oo, the empirical measure % Zfil d¢, on RP, which
summarizes the locations &;,&,,...,&y of neurons in RP, converges to the standard Gaussian measure Dz on R? (since
the p-dimensional random vectors &, &,,...,&y are i.i.d. with distribution Dz), turning the summation over neurons
into an integration over a Gaussian measure. Therefore, since the spatial distribution of neurons in R? converges
to a continuous Gaussian distribution as N — oo, we find that the continuous field u(t,y), with y € RP, solves the
integro-differential equation

roult,y) = —u(t,y) + 1@/ | P2 (00 —a) dlutta)). vy R



Defining the connectivity kernel w : RP? — RP

w(y,z) =

alr

P
>y (¢(z0) —a) (S10)
p=1

we get a neural field equation (see [9] and Eq. 6.129 in [I0, p. 244]):

r D ult,y) = —ult.y) + / DaulyAo(u(t),  Vy R, (s11)

While the arguments presented here are informal, the neural field equation is the exact mean-field limit of the low-rank
SNN: using the embedding of the low-rank SNN in R?, the convergence of the SNN to the neural field equation
is guaranteed by rigorous results for spatially structured SNNs [I1].

Of course, by the same arguments, the corresponding low-rank RNN also converges to the neural field equation .
While the convergence of low-rank SNNs/RNNs to neural fields equations is, to our knowledge, a new result, the idea
of using the rows of the IV x p pattern matrix € to define an embedding of the neurons in R? is not new: it has been
used to study the equilibrium statistical mechanics of certain spin-based neural networks [12, [13].

In the case where half of the neurons receive an external input % 22:1 &iunu(t), as defined in the main text, we

can describe the population dynamics with two neural field equations. Following the same steps as above, we get that
for each neuron i receiving external input, limy_,oc Ri"(t) = limpy 00 21" (t) = u™ (¢, &;), and for all neuron 7’ receiving
no external input but only recurrent input, limy_oo hif°(¢) = Imy o0 257°(t) = u'*°(¢, €,/), where the fields u™ and
u™° are the solutions to the system

Dt y) =t y) + L [ Dawly,m)eu(t2) + -

P
o
Dzw(y,z)p(u(t,z)) + — t),
2 5| g [, Prul o0 + S )

0 . 1 ) 1
ot () = —u(Ly) + 5 [ Druly, 2o (t,2) + 5 [ Dawly,2)sw(t2)),
RP RP

where the {n,(t)}}_, are the formal derivatives of independent Wiener processes (or standard Brownian motions)
By(t),...,By(t), i.e. n,(t) =dB,(t)/dt.



IIT. BOUND ON THE PROBABILITY OF A DUPLICATE

Let us assume that the correlations {C;;}1<; j<n are given by (SI) (Approximation (9) in the main text).

Lemma 2. For any N,p > 1 and for any 0 < € < 1, we have the bound

p—1

N(N-1)(1-¢*)"=
2 N

P(3i # j such that |Cij| > €) <

Proof. By union bound, we have

N(N -

1
P(E'Z 75] such that ‘Cij| > E) < B )P(|012| > 8).

Then, we use the fact that C2 follows a Gegenbauer distribution with parameter p, whence

PCul>9) =2 [ s = )

First, we notice that

/2 _Tle+1)/2) p-1

I(lp-1)/2) ~ T(lp-1)/2) 2

second, using the change of variable y2 = 1 — 22,

1 Vi—eZ p=3 Vi—eZ 2\ 221
p— ]__
fomsrons [T e [ 02
e 0 1—y 0 p—1
Hence, we have shown that
1—e2)"
P(|Cus| > ) < L2 )T
T

which concludes the proof.
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IV. CONCENTRATION OF THE (> NORMS OF THE INCOMING WEIGHTS

We recall that the £2 norm of the incoming weights to neuron i is [|J;||2 = /3., J2 and that the weights are given

j=1"“4j5

by Jij = % PRI (¢(&p) — a), for all i # j, and J;; := 0, where a = [ Dz ¢(z) and ¢ = [*_ Dz (¢(z) — a)?
are constants (Dz denotes the standard Gaussian measure).

Theorem 3. When p = alN for some fived a > 0, the €2 norm of the incoming weights of a typical neuron i converges
in probability to \/a/c as N — oo, i.e.
P @
[Jill2 ——— 4/~
N—o0 Cc

Proof. Without loss of generality, we can take i = 1. The proof can be decomposed in two steps. First (Step 1), we
will show that

. 2] g
dim E 53] = 2, (512)

then (Step 2), we will show that

var (J03) = W +0 <N12) . (S13)

If (S12) and (S13)) are verified, ||J; |3 converges in probability to a/c and, by the continuous mapping theorem, ||J1]|2
converges in probability to \/a/c.

Step 1:
N N LN 2
B3] =B D73 =S B[] = 55 Dk ng (6] - a)
p 2 2
O i P, ,
= 2 N2 ZE me (¢(§ju)—a = QNQZZE{glﬂ fJu —a) }
J=2 n=1 j=2 p=1
= Y DaNe S

For the equality (%), we used the fact that the cross terms are null since the columns of the random matrix &, i.e. the
patterns, are independent and when p # v,

E (&1 (6(&) — @) €10 (6(630) — @) | = E [€1, (6(650) — @) | Be [0, (9(60) — a)| =00

Step 2:
27 2
N N N
Var (||J1||§) =var [ S | =E| [ | B> . (S14)
j=1 j=1 j=1
By the computation in Step 1 above, we have
N 2
1 (N —1)%p?
DI ca (15)
j=1
The second moment can be decomposed as
2
N
E|(S 7] | =E Z Th+ ZZ JLJ% | = (N - 1)E {J;g} +(N-1)(N—2)E {szjfg} ., (S16)
j=1 J=1k#j
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and we compute the terms E [JfQ] and E [J122J123} separately.

o[22] - | (S a0

C@él@[&u @ -+ X (5[ (06 - "€, (e - ]

1<p<v<p

where for the second equality, we used the fact that, in the multinomial expansion of

(Zflu (&2,) —a)> ;

all terms with at least one odd power are null. Hence, we get that

1 1 pp-1) 3 1
E [‘]32} =0 <N3> tayi g ¢ = gyt -+ 05 (817)

Similarly,

2
E [J122J123] = C4N4 (Z flu (&op) —a ) (Z §1u (§3u) — a))

- 4N4Z (e (6le) — )’ (&)~ )] + 2 2 E [ (6(6) — @)’ &, (9(60) — )]

1Sp<v<p
3
= 02]\741)+ C2N4p(p71) (818)
From Eqgs. - -, and (S18] , we get
2 2
N N
Var (|3u3) =E [ | D03 | | -E|Y 72
j=1 j=1
—(N-1)E {J‘* } 4+ (N - 1)(N - 2)E [JQ J2 } L voy
12 1213 2 N4

3 (N=Dpp-1)  3(N-1(N-2)p 1 (N-DN-2)pp-1) 1 (N-1)>** 1
c? N4 c? N4 Jrci2 N4 2 N4 +(9< )

el =
Using the fact that

(N —1)*p* = (N —1)(N —2)p* + (N — 1)p?
=N - =2)p(p—1)+ (N =1)(N =2)p+ (N = 1Lp(p—1) + (N - 1)p,

and after some rearrangement of terms, we obtain, for large IV,

Var (HJ1H ) 2(1(12]4\}()()—1-0(]\}2).
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V. SIMPLIFIED FEEDFORWARD MODEL

To understand mathematically why large SNNs converge to large RNNs as the load o — 0, we consider a simplified
feedforward model. This simplified model is obtained by keeping network connections from ‘in’ to ‘rec’ neurons and
removing all the other connections. After this pruning procedure, we are left with two-layer feedforward networks
where the ‘in’ neurons make up the first layer, (hi®(t), 21%(t)) (hz(-l)(t) x(l)(t)), and the ‘rec’ neurons make up the

second layer, (hrec(t), z1°(t)) > (K2 (t), 2{* (1)) (Fig. .

h(l)(t) h(2)(t)

hin(t) hrCC(t) ]’lin(f) hreC(t)

Iext( t) Iext( [)

FIG. S1. Feedforward model as an simplification of the input-driven model.

In the feedforward SNN, the dynamics of the neurons of the first layer follows

d p
r—h{(t) = —h{ (1) + % ; &iunu(t), (S19a)

and the dynamics of the neurons in the second layer follows
N/2

L@ 2 ~hP () + 3" TS (8). (S19b)
j=1

Analogously, in the feedforward rate network, the dynamics of the units reads

d oy My, TN,
Tt (t) = —2; (1) + N ;; &t (1), (S20a)
d N/2
T (0) = a0 + Y Ty (1)). (S20b)
j=1

In the following, we assume that the systems (S19) and (S20) share the same initial conditions at time 0, i.e.
1 1 2 2
P (0) = 2$7(0) and 2P (0) = 2{7(0).

Theorem 4. If max¢ < oo, for any N > 1, and for any (feedforward) connectivity matriz J, we have, for all i in the
second layer,

1

T
b [0~

max ¢
2T

(RAIPS (s21)

Before proving the theorem, it is useful to rewrite the dynamics of the feedforward SNN (S19|) and the feedforward
rate network (S20) in a more mathematical form, which will help us to better disentangle the three independent
sources of variability present in the model: (i) the quenched disorder &, (ii) the external input signal {n,}},_,, and (iii)

neuronal spike noise. Let {m}fvz/f be a collection of N/2 independent Poisson random measures on Ry x Ry with unit
intensity [14] (see [15] and [16, Ch. 1.2] for gentle introductions on Poisson random measures in the context of spiking
neuron models) and let {B,(t)}},_; be p independent standard Brownian motions. We can rewrite the dynamics of the
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feedforward SNN (S19) as a system of stochastic differential equations

P
rdn () = —nP )dt + % 3 €udB,(t), (S22a)
p=1
zW (¢ :/ 1 . wmi(ds, dz), S22b
J (> (0, xRy z<¢(hy "’ (s—)) J( ) ( )
N/2
rdn? () = —hP (B)dt + Y JiydZP (@), (522¢)
j=1

where h;(s—) = lim,_,s_ h;(r) denotes the left-handed limit (which implies that the dynamics are defined in terms of
Ito calculus). Formally, the spike train of neuron j, Sj(l)(t) =>,.0(t— t;“) (where the {tf}k are the spike times of
neuron j), is simply S](-l)(t) = de(.l)(t)/dt. The mathematical notation (522]), while less common in the theoretical
neuroscience literature, has the important advantage of clearly separating intrinsic neuronal noise, which stems from
the biophysics of single neurons and which is independent from one neuron to another, from other sources of variability.
Here, intrinsic neuronal spike noise is modelled by the independent Poisson random measures m; [14] [I5]. As stated
in the main text, conditioned on the potentials {h§-1)(t)}j, the processes {S](l)(t) = dZJ(-l)(t)/dt}j are independent
inhomogeneous Poisson processes with instantaneous firing rates {(b(hg-l)(t))}j. To make the notation consistent
with the mathematical notation of Ito calculus, we have replaced the formal {n,(t)dt}},_, in the external input by
{dB, (1)}, where {B,(t)}},_; are independent standard Brownian motions. Concurrently, the dynamics of the

feedforward rate network (S20|) becomes

p
de§'1) (t) = _xﬁ'l) (t)dt + % ; §indBy(t), (S23a)
d N/2
R UESRIURD SEATCRION (S23b)
j=1

We emphasize that in the feedforward SNN (S22)) and the feedforward rate network (S23)), the potentials of the first

layers hﬁ-”(t) and xgl)(t) are equal since they integrate the same external input % Zzl &udB(t).

We can now prove Theorem [4]

Proof. By ergodicity,

li L
Tgnoof 0

Above and in the following, expectations are taken over the Poisson random measures {7; }jvz/f and Brownian motions
{BM}Z=1 but not over € and J which can be arbitrary. By Jensen’s inequality [2, Theorem 5.1 p. 132],

rP () — 2P (1) dt = lim B, ne

T—00 {77.7'};':1 ABu 5:1

1/2
) (2 2 2) 2
E{Trj}N/2 {Bu}" |:‘ hl (T) - (T)’:| < E{ﬂj}Nﬂ (B} |:(h1 (T) —Z; (T)) :|

j=1 p=1 j=17 p=1
By a basic property of the conditional expectation,

971/2
(2) (2) _
B2 sy, [(h S (T)) } =B s,

j=1

1/2
Ewwmﬂwmn—éWﬂfhmﬁﬂH .
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It remains to study the conditional expectation:
2 2 2
s | (070 - o2(0) (B0

N/2 N/2 2

1 — T — s)/T
= || X / Tz -3 g / o s)ds | 1B,

2
T T
3 1 1
_ 2 —(T—s)/T (1) —(T—3s)/T (1)
T (/ e a6 - [ e T o <S”ds> [(BuYms |

where in the last equality, we use the fact that the cross terms are null because the Poisson random measures {7r 1)}N/ 2
are independent and, for all j =1,..., N/2,

T T
1 _ —s)/T L —s)/T
E., /O e (T—=s)/ dZ](.l)(t)f/O —e~(T=9)/ QS(J?gl)(S))dS’{Bu}Z_l] =0.

T

On the other hand, by Itd’s isometry for compensated jump processes [I7, Lemma 4.2.2 p. 197],

1 g0 "1 e i T e
—,—d=s)/T \ _ —,—d'=s)/T ' P — —,—d'=s)/T '
E,, ( | ez - [ e ot <s>>ds> B | = [ (G ) ol s

Hence,

N/2 2
2
B, e [(hfw)—x?)(cr)) \{Bu}ﬁ_l} Z / ( <T-s>/f) oz} (s)) ds
<max ¢
N/2 1
< 2 T3 5 (1 e ?T/T) max ¢.

In summary, we have

im ) (2) ) )
dm gz J, [0 0] de= Jm }wwmﬂhi (1) =27
NJ2 1/2
< fim | 2T gt m e maxe
max ¢
———I1Jill;
which concludes the proof. O

Finally, we can verify that Theorem [3] i.e.

P [
[[J3]2 o V&

implies that as N — oo, the typical limit distance between a spiking neuron hz(-Q) (t) and the corresponding rate unit
x?)(t), lim7 o0 7 fOT )hl(-z) (t) — xgz)(t)‘ dt, scale as O(y/«). Indeed, we have that

1 T
ve>o, P Tlfgof/o
(2) ’ 9] oo o o7
) — 2P )| dt LI <P(|3; ad
() =2 () ” 2tc Vate] < 19:ll > cjL mauxé6 mo

) [¢lloo
(t) — ;7 ()| dt > - Va+e ~ =0

since
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VI. ASYMMETRIC WEIGHTS

So far, we have studied recurrent networks with connectivity matrix
1 2
Jij = N Z ip (B(&p) —a)  for all i # j,
p=1

and Jy; := 0 for all 4. Although the connectivity matrix J is not symmetric (in the sense that J;; is not equal to Jj; in
general), its similarity to the connectivity of Hopfield networks may give the wrong impression that our results only
apply to connectivity matrices that are somewhat symmetric. This is not the case. To show that concentration of
measure in duplicate-free networks is a general phenomenon that does not require weights to be symmetric, we consider,
in this section, a alternative model where weights are unambiguously asymmetric. The only difference between the
original and the alternative model is that the connectivity matrix of the latter, J*¢¢, is inspired by that of associative
networks storing sequences [I8H21]:

, 1 &
Titi= =5 DG (0(&) —a)  foralli s, (S24)
p=1

and J;; := 0 for all i. By convention, & y+1 = &1 for all . The connectivity matrix can be loosely seen as that
of a network storing a single cyclic sequence of p patterns. As in the original model, the N X p random matrix £ has
i.i.d., zero-mean, unit-variance, normally distributed entries; a := [*°_ Dz ¢(z) and ¢ := [~ Dz (¢(z) — a)?, where
Dz is the standard Gaussian measure. The connectivity matrix (524)) is clearly asymmetric.

It is straightforward to verify that all the theoretical results of the previous sections directly apply to this alternative
model with asymmetric weights. Simulations of the alternative model with asymmetric weights with N = 10%, load
a = 1074, and the same neuronal parameters as in the main text, confirm that large SNNs can approximate the
dynamics of equally large RNNs, even when the weights are unambiguously asymmetric (Fig. . In addition, using
the same alternative model and the scaling p = N'/3 as N — oo, we confirm numerically that the dynamics of a
duplicate-free sequence of SNNs with asymmetric weights can converge to the dynamics of RNNs, the average distance
between the SNN and the RNN,

N

rec o
AN (Oé) o N T—o0

2 1 (7
= hm—/’W%%ﬁWm%
_ T Jo

i=N/2+1

lying below the theoretical bound /™22 /& (Fig. . Note that both for the original model (Fig. 2, main text) and

2Tc
the alternative model (Fig. , the theoretical bound (dashed line in both figures) is not tight; tighter bounds may be
obtainable.
In summary, this alternative model confirms that concentration of measure in duplicate-free networks also occurs in
networks with asymmetric weights.
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FIG. S2. Large SNNs with asymmetric weights can approximate the dynamics of equally large RNNs. Same as
Fig. 1D,E in the main text except that the original connectivity matrix J is replaced by the asymmetric connectivity matrix
J*¢9 defined in . The networks have N = 10° neurons and load o = 10~%. Same neuronal parameters as in the main text,
namely, 7 = 10 ms and ¢(z) = 5= (tanh(z — b) + 1) with b = 2; input standard deviation is o = 0.5.

10

FIG. S3. The dynamics of a duplicate-free sequence of SNNs with asymmetric weights can converge to the
dynamics of RNNs. Same as Fig. 2 (full circles and dashed line) in the main text except that the original connectivity matrix
J is replaced by the asymmetric connectivity matrix J**¢ defined in . Simulations of AN°(«) for the duplicate-free sequence
of networks p = N/ (full circles). Theoretical O(y/a) bound predicated by the feedforward model simplification (dashed line).
Same neuronal parameters as in the main text and Fig. [52]
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VII. ADDING DIFFUSIVE MEMBRANE NOISE

In this work, we have used networks of linear-nonlinear-Poisson neurons to give concrete examples of the concentration
of measure phenomenon in networks of spiking neurons. This choice of neuron model was mainly motivated by the fact
that results in this case take a particularly simple form. Namely, rate-based dynamics are described by standard RNN
dynamics. However, concentration of measure does not only occur with this specific neuron model; the phenomenon
also appears in networks with more general stochastic spiking neurons. To illustrate this, we briefly discuss below how
Theorem [ in Sec. [V] for feedforward networks of linear-nonlinear-Poisson neurons can be generalized to the case where
diffusive membrane noise is added to the potential dynamics.

Using the same feedfoward setup as in Sec. [V} we consider the case where diffusive membrane noise is added to the
membrane potential dynamics of the neurons in the first layer, i.e. the system of stochastic differential equations
is replaced by

1 1

Tdh{ () = —hS (6)dt + & AW ( ngdB (S25a)
zM t):/ 1 _ o, m(ds,dz), S25b
i OiixRy <P (5) i ) (5250)

N/2
Tdh?(t) = —hP (Hdt+ > J;dZ0 (1), (S25¢)

j=1
where Wy(t), ..., Wy/2(t) are N/2 independent standard Brownian motions that are also independent from the external
input signals By (t),...,By(t), and & > 0 is the intrinsic membrane noise parameter. The diffusive noise & dW(t)

in (S25a)) should be interpreted as intrinsic membrane noise due, for example, to the effect of channel noise on membrane
potential dynamics. Note that, as in the original feedforward setup in Sec. E neurons in the second layer, Eq. (S25¢)),
simply follow the dynamics of passive membranes (without membrane noise).

We recall that, in Sec. Theorem W gives a bound for the deviation of the potentials hl@)(t) in the second layer

from their expectations 3352)(1&) = E{ﬂj}zyz/lz [hz@(t) | {BM}Z:J conditioned on the external input signals {B,,(¢)},_;. In

p=1-
order to obtain an analog of Theorem 4| for the system with membrane noise (S25]), our first task is to derive equations
for the expectations

2 2
2P (t) = Eqy, 2 [0 (B}

corresponding to the system (S25)). By the linearity of the expectation, we have

N/2

d

P o) = —al W)+ 3 Ty By e [0 @) [(BuY]
Jj=1

Thus, to derive a closed system of equations for the 33( )( t), it suffices to notice that the expected firing rates

1 1
PP =By, e o0V
solutions of Fokker- Planck equations (conditioned on the external inputs [$*(¢)dt = % 22:1 &;udB,(t)) describing

’{Bu} ] of each individual neuron j = 1,..., N/2 in the first layer are given by the

the evolution of a time-varying probability densities q](-l)(-, t):

/¢
52

;#%wf%c FWM“(D+—§@W¢x

with initial conditions q§1)(x, 0) =6z — h§1)(0)) (6 denotes the Dirac delta function). The Fokker-Planck equation
above has an explicit solution

PP S G Gt (6))
0] p( 2%(7) >
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G . .
where the mean potential x§ )(t) follows the same dynamics as (523al), i.e.

p
rdzV(t) = —z\V (t)dt + % > &indBu(t),

p=1
and the time-varying variance X(t) is

5—2 —2t/T
B(t) = (1 - e72/7),

This gives us generalized rate-based equations for the system with membrane noise (S25)):

rdz(V(t) = 2Vt dt+—Z§de (S26a)
p=1
d N/2
@) — @ e
T ()= (t>+ZJij<I>(wj (1), %(t)), (S26b)

where the variance-dependent transfer function ®(z,¥) is

(z—2)
:/qu(x)mexp( o )dx

Assuming that the transfer function ¢ is bounded, i.e. max ¢ < oo, the statement and the proof of Theorem [] can
be readily adapted to the system (S25) if the original rate-based system (S23)) is replaced by the generalized rate-based

dynamics (S26)).

To adapt the proof of Theorem [ we simply need to notice that

T
1
Ew, x, (/ ,e—(T_s)/szj(l)(s)_/ e>/f/¢ (2, s dxds) ’{BN}H 1
o T 0
= Vary, x, /T Ze@maz () ’ {B..}),
KRN o T 7 rSp=1 ’

and by the law of total variance,

T
1 — —S8)/T
Vary, (/O —e (T—s)/ dzj(l)(s)‘{Bu}ﬁ_l)

1 ,
= Bw; | Varz, (/ 76_(T_é)/TdZJ('1)(S) ‘ Wi B}
o T

+ Vary, | Eg;

r 1 —(T-s)/T (1 P
Ze dz! ‘ B
0 T

But since
"1 resyr g ) p T g ? 1)
Var,, Ze dz! (s)‘wj,{Bu}M:1 _ Ze s(h(s)) ds,
o T 0 T R
1
p

T T
Eﬂ‘j / 76—(T—5)/sz§1)(8) ‘ I/I/']7 {Bﬂ}izl = /
o T 0
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we obtain

T
1
Varw, = (/ 76—(T—s)/rde(_1)(S) ’ {BM}Z—1>
0

T

T/ 2 1) S — (1)
:/0 (Te—( —s)/T> ‘/R(b(x)q] (:ms)da:ds—i—Vaer (/ ;e_( _S)/T¢(h‘j (5))d5‘{Bu}i—1>- (S27)

0

The second term on the right-hand side of (S27) implies that the final bound for the network with membrane noise (S25))
has to be looser than the bound (S21f) for the network with linear-nonlinear-Poisson neurons. From (S27), we can
easily derive the final bound

1 T
Tli“;ﬁ/o

Note that this bound might not be optimal and a tighter bound may be obtainable.

The model treated in this section is instructive as it illustrates an interesting fact: the potentials in the second layer
)
J

(t) do not converge to the mean potentials T

max ¢

nP (1)~ 2P ()] dt < ( +max¢> 1]
.

hgg) (t) can converge to z;”(¢) in large networks (if the norms ||J;||2 converge to 0) even if the the potentials in the

1) (1)
J J
h§-1)(t) - £§1)(t) is 3(t), which does not depend on the network size. This shows that concentration of measure can
occur even in cases where membrane potentials dynamics are intrinsically noisy.

We mention that whether or not the concentration of measure phenomenon allows for the exact reduction of
the dynamics of large SNNs to rate-based dynamics described by systems of ordinary differential equations (as in
a RNN) depends on the spiking neuron model considered. We have shown that such a reduction is possible for
Linear-Nonlinear-Poisson neurons and Linear-Nonlinear-Poisson neurons with diffusive membrane noise, but this is not
true in general. The derivation of the generalized equations describing the exact rate-based dynamics in duplicate-free
networks of spiking neurons including the effects of refractoriness [7], adaptation [22], and short-term synaptic plasticity
[23] is an outstanding problem that is beyond the scope of this work.

first layer h (t). Indeed, in this model, we know that the variance of
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